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ABSTRACT. Let A be a Banach algebra with the second dual A**. If A has a 
bounded approximate identity (= BAI), then A** is unital if and only if A** has a 
weak* bounded approximate identity{= W*BAI). If A is Arens regular and A has a 
BAI, then A* factors on both sides. In this paper we introduce new concepts LW*W 
and RW*W- property and we show that under certain conditions if A has LW*W 
and RW*W- property, then A is Arens regular and also if A is Arens regular, then 
A has LW*W and RW*W- property. We also offer some applications of these new 
concepts for the special algebras l^(G), L^{G), M{G), and A{G). 
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Preliminaries 

Through of this paper, ^ is a Banach algebra and A*, A** , respectively, are 
the first and second dual of A. We say that a bounded net {ea)aei i^i ^ is an 
approximate identity (= BAI) if, for each a € A, aca — ^ a and CaO, — > o. For 
a £ A and f (z A* , we denote by f.a and aof respectively, the functionals on 
A* defined by < f.a, b >=< f, ah >= f{ab) and < ao/, h >=< /, ha >= f{ha). 
As since the Banach algebra A can be considered a subspace of its second dual, 
so we can define < a, / > as < /, a > for every a £ A and f £ A* . 
We denote by A* A and AA* , respectively, {f.a : a & A and f £ A*} and 
{aof : a £ A and f € A*} clearly these two sets are subsets of A*. We say 
that the Banach algebra A is unital if there exists an element e & A such that 
e.x = x.e = X for each x £ A. 

Let A be a Banach algebra with a BAI. If the equahty A*A = A*, {AA* = 
A*) holds, then we say that A* factors on the left (right). If both equalities 
A*A = AA* = A* hold, then we say that A* factors on both sides. 
Arens [1] has shown that given any Banach algebra A, there exist two algebra 
multiplications on the second dual of A which extend multiplication on A. In 
the following, we introduce both multiplication which are given in [11]. 
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Let a,b e A and f e A* and F,G e A** then the first Arens multiphcation 
is defined as 

< f.a,b>=< f,ab >, 

< F.f,a>=< FJ.a >, 

<F.G,f>=<F,G.f>. 

Clearly F.f G A* and F.G € A**. We use the notions (A**,.) for A** equipped 
with first Arens multiplication also we use fa instead of f.a for all a G ^4 and 
feA*. 

The second Arens product is defined as follows 

For a,b € A , f e A* and F,G € A** the elements aof , foF of A* and FoG 
of A** are defined respectively by the equalities 

< aof, b >=< f, ba >, 

< foF, a >=< F, aof >, 

< FoG, f >=< G, foF > . 

An element E of vl** is said to be a mixed unit if is a right unit for the 
first Arens multiplication and a left unit for the second Arens multiplication. 
That is, E is a mixed unit if and only if, for each F G A**, F.F = EoF = F. 
We say that A** is unital with respect to the first Arens product, if there exists 
an element E G A** such that F.E = F.F = F for ah F £ A** , and A** is 
unital with respect to the second Arens product , if there exists an element 
E G A** such that FoF = EoF = F for all FeA**. By [3, p. 146], an element 
E of A** is mixed unit if and only if it is a weak* cluster point of some BAI 
{ea)aei in A. 

We say that A** has a weak* bounded left approximate identity(= W*BLAI) 
with respect to the first Arens product, if there is a bounded net as {ea)a ^ A 
such that for ah F G A** and / G A*, we have < Ca-F, f >^< F, f >. The 
definition of W*RBAI is similar to W*LBAI and if A** has both W*LBAI 
and W*RBAI, then we say that A** has W*BAI. 

Suppose that F,G E A** and F.G, FoG are the first and second Arens Mul- 
tiplications in A**, respectively. Then the mapping F F.G, for G fixed in 
A** , is weak* — weak* continuous, but the mapping F — > G.F for G fixed in 
A** is not in general weak* — weak* continuous on ^4** unless G e A. 
As an example for the algebras L^{G)** and M{G)** whenever G is an in- 
finite topological group the mapping F G.F, in general, is not weak* — 
weak* continuous on L^{G)** and M{G)** , see [10,11]. Hence, the first topo- 
logical center of A** with respect to first Arens product is defined as follows 

Zi = {G e A** : F — > G.F is w* - w* - continuous on A**}. 
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Also, for the second Arens multiplication in A** we know that aof, foF G 
A* and FoG € A**. For G fixed in A** , the mapping F GoF is weak* — 
weak* continuous on A**, but the mapping F FoG is not in general weak* — 
weak* continuous on A** unless G E A. Whence, the second topological center 
of A** with respect to second Arens product is defined as follows 

Z2 = {G e A** : F — ¥ FoG is w* - w* - continuous on A**}. 

It is clear that A C Zif] Z2 and Zi, Z2 are closed subalgebras of A** endowed 
with the first second Arens multiplication, respectively. 

If, for each F,G e A**, the equality F.G = FoG holds, then the algebra A 

is said to be Arens regular, see [1,2]. In this ease Zi = Z2 = A**. 

The other extreme situation is that Zi = A , in this case A is called left 

strongly Arens irregular, see [9,10,14]. 

We recall that the topological center of A** is defined the set of all functionals 

F G A** which satisfy F.G = FoG for all G £ A**, see [11]. In other words, 
the topological centers of A** with respect to the first and second Arens prod- 
ucts can also be defined as following sets respectively 

Zi = {Fe A** : F.G = FoG VG G A**}, 

Z2 = {F e A** : G.F = GoF VG G A**}. 

For Banaeh algebra A the topological center of the algebra [A* A)* is defined 
to be following set, see [11]. 

Z = {fj, E (^4*^)* : A X.jjL is w* — w* — continuous on [A* A)*}. 

For all a G A , / G ^* and F G A** we have the following statements 

i) f.a = foa and a.f = aof. 

ii) a.F = aoF and F.a = Foa. 
Because if 6 G ^, then we have 

< foa, b >=< b, foa >=< ab, f >= f{ab). 

Also, we have < f.a,b >= f{ab), and we conclude that f.a = foa. 
Consequently we can write the following relations 

< a.F, f >=< a, F.f >=< F.f, a >=< F, f.a >=< F, foa >=< aoF, f > . 

Thus, we conclude that a.F = aoF. 

In above, part (ii) shows that ^4** has W*LBAI with respect to the first Arens 
product if and only if it has W*LBAI with respect to the second Arens prod- 
uct. 
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A functional / in A* is said to be wap (weakly almost periodic) on A if the 
mapping a f.a from A into A* is weakly compact. Pym in [15] showed that 
this definition to the equivalent following condition 
For any two net (aa)a and (^^g)/? in {a G ^ : || a ||< 1}, we have 

limlim < f^aabn >= limlim < f^aahn >, 
a 13 p a 

whenever both iterated limits exist. The collection of all wap functional 
on A is denoted by wap{A). Also we have wap{A) = A* if and only if 
< F.G, f >=< FoG, f > for every F,G € A**, see [19]. 

In this paper, the notations WSC is used for weakly sequentially complete 
Banach algebra A and WCC, for weakly completely continuous Banach alge- 
bra A, that is, A is said to be weakly sequentially complete, if every weakly 
Cauchy sequence in A has a weak limit, and A is said to be WCC, if for each 
a & A, the multiplication operator x — > ax is weakly compact. 
In this paper when A** is referred to as an algebra it will be with respect to 
the first Arens product unless the second is mentioned explicitly. 



Main results 

Theorem 1. Let A has a BAI {ea)a- Then the following assertions hold: 

i) For all / G A*, we have /.e^ ^ / and e^o/ ^ /. 

ii) A* factors on the right if and only if A** has a W*LBAI. 

iii) A* factors on the left if and only if A** has a W*RBAI. 

iv) If A* factors on the left and E G A** such that ^ E, then E is unit 

w* 

element of A**. Also, if A* factors on the right and E G A** such that Cq E, 
then E is unit element of {A**,o). 

v) If A* factors on the left, then w* - closure{AA**) = A**. 
Proof, i) The proof of (i) is clear. 

ii) Let A*A = A*, and F e A** , f e A*. Then, by [11, 2.1] , we have 
f-Sa ^ /, and so 

< ea.F,f>=< ea,F.f >=< F.f,ea >=< FJ.Ca > — ^< F,f>. 
Consequently, e^.-F F. 

w* 

Conversely, let Ca-F ^ F for all F e A**. Then, for every f £ A*, we have 

< Sa-F, f > — ^< F, f >. Since < Cq-.F, / >=< F, f.Ca >, we have 

< F, f.Ca > — >< F, f > . Therefore by [11, 2.1], we are done. 

iii) The proof of (iii) is the same as (ii). 
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iv) Let ea ^ E. Then, for all F e A** , by using [11, 2.1], we have the following 
relations: 

< E.F, f >=< E, F.f >= lim < ea, F.f >= lim < F, f.e^ >^< F, f > . 

a a 

Hence, we conclude that E.F = F. 

Now let / € A* and a ^ A. Then , we have 

< E.f, a >=< E, f.a >= lim < Ca, f-a >= lim < /, a.Ca >=< f,a> 

a a 

Consequently, we have < F.E, f >=< F, E.f >=< F, f > hence F.E = F 
which implies that is a unit element of A** . 
The next assertion is similar. 

v) Let A*A = A*, and let / G A*. By [11, 2.1], we have /.e„ /. For each 
F e A**, since e^.F e AA**, we have 

< ea-F, f >=< F, f.ea >^< FJ>. 

Thus, we conclude that Ca-F ^ F and so F e w* — closure{AA**) . 

By the above theorem and by [11, 2. 2. a], for the Banach algebra A which 
has BAI, we conclude that A** has W*LBAI if and only if 
{F e A** : A.F ^ A} C Zi, and also A** has W*RBAI if and only if 
{F G A** : FoA C A} C Z2. For ^ = L^{G) where G is locally compact 
finite group, we have {F € A** : A.F C A} C Zi = L'^{G)** hence L\G)** 
has W*LBAI. But when G in locally compact infinite group this relation is 
not satisfied for L^{G)** consequently L\G)** has not W*LBAI. 



Corollary 2. Let A has BAL Then the following statements hold. 

i) The algebra {A**, .) is unital if and only if A** has W*LBAI. 

ii) The algebra {A**,o) is unital if and only if A** has W*RBAI. 

iii) A** and {A**,o) are unital if and only if A** has W*BAI. 

iv) Suppose that ^ is a WSC with sequentially BAI. Then A** has W*LBAI 
if and only if A** has W*RBAI, and also {A**, .) is unital if and only if {A**,o) 
is unital. 

Proof: Using Theorem 1 and [11, 2.2], the proofs of (i) , (ii) are clear. The 
proof of (iv), follows from [11, 2.6] and Theorem 1. 

As another application of Theorem 1, let $7 be spectrum of L°°([0, 1]). Since 
L°°{[0, 1]) dose not factors on the left and right, then by Theorem 1, L^{[0, 1])** 
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has not W*LBAI and W*RBAI, and so M(0) = L^{[0, 1])** has not W*LBAI 
and W*RBAI. Consequently by Corollary 2, M{Q) is not unital which it fol- 
lows that O, is not a group. For more details see [9,16 ]. 

Corollary 3. Let A be Arens regular with a BAI. Assume also that A 
is a two sided ideal in A**, then A** has a W*BAI and so is unital. 

Proof. Use Theorem 1 and [17, 3.2]. 

Theorem 4. Suppose / G wap{A) and G G A** such that aa ^ G where 
{aa)a e -4. Then /.a^ A /.G. 

Proof. First we show that /.a^ — /.G. Let 6 G ^, so we have 

< f.aa,b>=< aa,b.f >^< G,b.f >=< f.G,b> . 
Thus we have /.Cq ^ f.G. 

Since / G w;ap(^), < G.F, f >=< GoF, f > for aU F, G G A**. We have 

< /.G, F >=< G.F, f >=< GoF, f >=< F, foG >=< foG, F >, 

it follows that f.G = foG G A*. For every F e A** , there is (6/3)^ C A such 
that 6^ ^ F, so we have 




= limlim < /, a^^^ >= lim < f.G, hp >= lim < bp, f.G >, 

=<F,f.G>. 
Thus, we conclude that f.Ua — > f.G. 

Corollary 5. Suppose A has a BAI {ea)a and / G wap{A). Then f.Ca /• 

Proof. By [5,p.l46], there is a mixed unit E G A** such that Cq, ^ E. Since 
/ G 'u;ap(^), < E.F,f >=< EoF, f >=< F, f > for all F G A**. So, by 
Theorem 4, we have /.e^ /.F = /. 

Corollary 6. Suppose A is Arens regular and A has a BAI. Then we have 
the following assertions 

i) A* factors on both sides. 

ii) A** is unital, and if A is WSC then A is also unital. 
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Proof, i) Since A is Arens regular, wap{A) = A* hence by Corollary 5, we 
have f.ea f for all f G A* . Then, it follows that A* factors on the left by 
[11, 2.1]. Since A is Arens regular, by [11, 2.10] A* factors on the right and so 
A* factors on both sides. 

ii) By [11, 2.2], since A* factors on both sides, {A**, .) and {A**,o) are unital. 
The second claim hold by using [2, 2.6] and part (i). 

Since L^{G)*, M{G)* and A{G)* dose not factors on the left and right when- 
ever G is infinite group, by Corollary 6 we obtain that L^(G)**, M(G)** and 
A{G)** are not Arens regular. 

Theorem 7. For Banach algebra A we have the following assertions 

i) Assume that f ^ A* and Ty is the linear operator from A into A* defined by 
Tfa = f.a. Then, / G wap{A) if and only if the adjoint of Tf is weak* — weak 
continuous. 

ii) If A has a BAI and Z = {A* A)*, then A* A C wap{A). 

Proof, i) Let / G wap{A) and T* : A** A* be the adjoint of Tf. Thus 

for every F £ A** and a € ^, we have < TjF, a > = < F, Tja >. 

Suppose {Fa)a ^ A** such that F^ ^ F. We show that T^Fa ^ T*jF. Let 

G G A** and (a^)/3 C A such that ap —>■ G. Since / G wap{A), we have 
< G.Fa, f >^< G.F, f > . Hence for fixed a we have the following relations 

< G,TfFa >= limp < TfFa,afj >= limp < Fa,Ta/3 >= limp < Fa,f.ap > 

= limp < Fa.f,ap >=< G^F^.f >, 

hence 

lima < G,TfFa >= lima < G, Fa-f >= lima < G.Fa, f >= lima < G.F, f > 
= lima < G,F.f >=< G,TJF > . 

We conclude that T^Fa T^F, thus TJ is weak* — weak continuous. 
Conversely, let T* be weak* — weak continuous and let (Fa) a Q A** be such 

that Fa ^ F. Then we have 

< G.Fa, f >=< G,T]Fa >^< G,T]F >=< G.F, f > . 
It follow that / G wap{A). 

ii) Let Z = {A* A)* and F^£ A**. We define jx G {A* A)* to be the restriction 
of F to {A*A)*. Since Z = {A*A)*, /i e Z. Also for all a G ^, we have 
o/x = aF. 
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By [11, 3.2], since AZ = AZy and AZx C Zi, we have aF G Zx. Therefore, 
for all G G A** and / G A* we have the fohowing relations 

< F.G, /.a >=< aF.G, f >=< aFoG, f >=< aFoG, f >=< FoG, f.a > . 

Consequently f.a G wap{A). 

Theorem 7 shows that a Banach algebra A is Arens regular if and only if 
Tj is weak* — weak continuous for every f E A*. 

Now we define new concepts namely -LPF*l^-property and RW*W-propcrty 
for Banach algebra A and compare them with Arens regularity of Banach al- 
gebra A. 

Definition 8. Let {fa)a€l ^ A*. If for a E A, the convergence a. fa ^ 
implies a. fa 0, then we say that o, has Left — Weak* — Weak property 
or LVl^*VF-property with respect to the first Arens product. The definition of 
RW*W -piopevty is similar. 

We say that A has the LVF*T^-property if, for every a e A, a has LW*W- 
property. 

Remark and Example 9. We know that if A is reflexive, then weak and 
weak* topologies coincide consequently A has LW*W and RW*W-piopeTty, 
so it is clear that if A has a member which has not LW* W-property or RW*W- 
property, then A is not reflexive. If A is commutative, then it is clear that the 
LW*W-pTopeTty and RW*W-propeTiy are equivalent. For Banach algebras 
1^{G) and M{G) where G is an infinite group, the unit elements of them have 
not LW*W -pmpexiy or RW*W -pvoperiy (We know that /°°(G)* ^ 1^{G) and 
M{G)** / M(G)). 

For a Banach algebra A, if ^4** = A**c or A* = cA* for some c€ A and c has 
LI^*I^-property, then it is easy to see that A = A**, and also if A** = cA** 
or A* = A*c for some c E A and c has i?Ty*W-property, then A = A** . 
Now we give some examples of the Banach algebras that have LW*W -p^opeiiy 
or i2W*W^-property. 

Let 5 be a compact semigroup and A = C{S). Then every / G C{S) such 
that f > a where a G (0, oo) has LW^*VF-property. For prove this, let 

Ma e C{S)* = M{S) and Ha-f ^ hence < Ma-/, 5 >^ for aU g G C{S). 
Consequently we have 



< l^a-f,9 > = < IJ-aJ-g >= / fgdl^a^O. 

Js 
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If we set 9= J, then /la 0. Now let F G C{S)** = M{S)*. Then we have 

< F,fla.f > = < F.Ha, f>=[ fdFUa ^ 0. 

Js 

It follows that fia-f 0. 

In Corollary 15, we will show that if the Banach algebra A is Arens regular, 
then A has both LVF*I^-property and RW*W -pioperty. 

In the following, we design some condition for a Banach algebra A with 
LI^*W^-property or i?VF*I^-property, so such Banach algebras are Arens reg- 
ular. 

Theorem 10. For Banach algebra A the following statements hold. 

i) If A** = cA** for some c E A and c has Liy*I^-property, then A is Arens 
regular. 

ii) If A** = A**c for some c E A and c has RW*W -piopevty, then A is Arens 
regular. 

iii) If A* = A*c and c has LW*W-propeTty, then A**c C Zi O Z2 and 
cA* C wap{A) C A*c. 

iv) If A* = cA* and c has RW*W-pvopeTty, then c^** C Zi n Z2 and 
C u;ap(^) C cA*. 

Proof, i) Let F,G e A**. We show that the mapping F G.F is w* — 

w* — continuous. Let f E A* and {Fa)a ^ A** be such that ^ F. Then 
for all a G A we have 

< Fa.f, a >=< Fa, f.a >^< F, f.a >=< F.f, a > . 

Consequently, we have Fa-f ^ F.f for all f E A* which implies that {Fa.f)a —>■ 
{F.f)a for all a e A. Since c has LW*W --piopeity, {Fa.f)c ^ (F./)c. Thus 
for all G G A**, we have 

< cG, F^.f >=< G, {Fa.f)c >^< G, {F.f)c >=< cG, F.f > . 

Since A** = cA** , we can replace cG by G, and consequently we have 

< G.Fa, f >^< G.F, f > for all f €A*. Therefore G € Zi so that Zi = A**. 

ii) The proof of (ii) is similar to (i). 

iii) We show that the mapping F Gc.F is w* — tt;*-continuous whenever 
F,G e A**. Let (F„) C A** be a net such that F^ ^ F. Then, we have 
(Fa.f) ^ {F.f) for every / G A*, hence (F^.f-Ff) ^ 0. Since (F^.f-Ff) G 
A* = A*c, there is {ga)a ^ A* such that (F^./ - F.f) = gaC. Then we 
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have c{gac) — >■ 0, it follow that c{gac) 0, since c has LW*W -propevty. 
Consequently for all G G A**, we have < G,c{gac) >^ which implies 

< Gc, {Fa.f - F.f) >^ hence Gc G Zi so A**c C Z^. Similarly A**c C Z2. 
Hence we have A**c C Zi n Z2. 

Now let F,G G A**. Since Gc G ^2, we have Fo{Gc) = F.{Gc), consequently 
for all / G A*, we have the following statements 

< FoG,cf >=< Fo{Gc),f >=< F.{Gc)J>=< F.G,cf > . 

Hence we have cA* C wap{A). 
iv) The proof is similar as (iii) . 

Let G be an infinite group. Since M{G) is not Arens regular, by Theorem 
10, the unit element of M{G) has not LVF*VF-property or i?l^*VF-property. 
Similarly conclusions hold for the Banach algebra 1^{G). 

Theorem 11. Let A and B be Banach algebras and let h he a bounded 
homomorphism from A onto B. If A has LW*W-propcrty (rcsp. RW*W- 
property), then B has LW*H^-property (resp. i?l^*VF-property). 

Proof. Since h is continuous, the second adjoint of h, h** is weak* — weak con- 
tinuous from A** into B**. Hence we conclude that h**{F.G) = h** (F) .h** (G) 
for all F,Ge A**. 

Let {ga)a ^ B* be such that b.ga ^ where b e B. We define h*{ga) = fa & 
A* and get h{a) = b for some a e A. Then for every a; G ^, we have 

< a. fa, X >=< fa, x.a >=< h*{ga),x.a >=< ga, h{x.a) >=< ga, h{x).h{a) > 

< ga, h{x).b >=< b.ga, h{x) >^ 0. 

Thus a. fa — ^ 0. Since a has LH^*VF-property, a. fa — > 0. Now, let G G B** . 
Since h is surjcctivc by [12, 3.1.22] there is F G A** such that h**{F) = G. 
Then we have the following assertions 

< G,b.ga >=< G.b,ga >=< h**{F)h{a),ga >=< h**{F.a),ga > 
=< {F.a),h*{ga) >=< {F.a),fa >=< F,a.fa >^ 
Thus we conclude that b.ga —> 0, therefore B has LW*W-pTopeity. 

Theorem 12. For a Banach algebra A the following assertions hold 

i) If A* A = A* and A has i?Ty*W-property, then A is Arens regular. 

ii) If AA* = A* and A has LW*W -piopeity, then A is Arens regular. 
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Proof, i) Let (F^) C A** be a net such that Fa ^ F. Then, we have 
{Fa.f).a ^ (F./).a for every a G ^ and / € A*, and so F„.(/.a) ^ F.(/.a). 
Since A has LVF*W-property, we conclude that Fa-{f-a) —)■ F.{f.a). Therefore 
for all G G A**, f e A* and a e A we have the following relations 

< G.FaJ.a >=< G,Fa{f.a) >=< G, {Fa.f).a >^< G, {F.f).a > 

=< G.F, f.a > . 

Since A* A = A*, the result follows, 
ii) The Proof is similar to (i). 

By Theorem 11 and Theorem 12(ii), if A, B are Banach algebras and h is 
a bounded homomorphism from A onto B whenever B factors on the right, 
then if A has LW*W -property, B is Arens regular. Also from Theorem 12(i) 
and [11, 2.6] we conclude that when A is WSC and AA* = A* [or A is unital] 
and A has i2VF*T^-property then A is Arens regular. 

Lemma 13. For a Banach algebra A the following statements hold. 

i) For all f E A* and F G A** there is a net {xa)a Q A such that f.Xa ^ foF. 

ii) A is Arens regular if and only if f.Xa foF where F G A**, f E A* and 
{xa)a Q A such that Xa ^ F. 

Proof. i) Since w* — closure A = A** , for all F G A**, there is a net 
{xa)a Q A such that Xa ^ F. Now, let a E A. Then, we have 

< foF, a >=< F, aof >= lim < Xa, aof >= lim < aof, Xa > 

a a 

= lim < /, Xa-a >= lim < f.Xa, a > ■ 

a a 
w* 

We conclude that f.Xa foF. 

ii) Let f.Xa foF. Then, for all G G A** , we have 
< F.G, f >=< F, G.f >= lim < G.f, Xa >= lim < G, f.Xa >=< G, foF > 

a a 

=<FoG,f>. 
Hence F.G = FoG for all F,G £ A**. 

Conversely, let F.G = FoG for all F, G G A** and let Xa ^ F. Then, for all 
f e A* and G G A**, we have the following relations 

< G, f.Xa >=< G.f, Xa >^< F, G.f >=< F.G, f >=< FoG, f > 
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=< G,foF>, 
which impUes that f.Xa ^ foF. 

Theorem 14. For a Banach algebra A the following assertions hold. 

i) Suppose liniQlim^ < fi3,aa >= lim^linicj < fp,aa > for every 

iaa)a C A and {f/3)/3 C A*. Then, if A*A = A* or AA* = A* then A is Arens 
regular. Also if A** = cA** or A** = A**c for some c E A, then A is reflexive. 

ii) Let A be Arens regular and let (aa)a ^ A and {f/3)/3 C ^* such that 
have taken limits, respectively, in the weak* and weak topology in A** and 
A*. Then for ah F eA**, we have 

limlim < F, fg.Ua >= limlim < F, fn.aa > ■ 

a p pa 

iii) If for some a G ^, we have 

limlim < fga,aa >= limlim < fsa,aa >, 

oi P P Ol 

then a has i?VF*W^-property. Also if 

limlim < afp, aa >= limlim < afp, aa >, 

a p ^ pa 

then a has LW*W-pvopeTtj. 

Proof, i) If we show that A has both LVF*VF-property and RW*W -piopeity 
then by Theorem 10 and Theorem 12 , we are done. 

Suppose that {fp)p C A* and a e A such that a.fp ^ 0. Let F e A**. 

Since w* — closureA = A**, there is {aa)a ^ A such that ^ F. Conse- 
quently, we have the following equalities 

lim < F, a.fp >= lim < F.a, fp >= limlim < a^.a, fp >= limlim < fp, aa-a > 
= limlim < fp,aa-a >= limlim < a.fp,aa >= 0. 

a /3 a P 

Therefore, we obtain a.fp 0. Similarly A has RW*W-pTopcTty. 

ii) Suppose that (aa)a ^ ^ such that Ua G for some G G A**. Let 
{fp)p A* such that fp ^ f where / G A*. Then by Lemma 13, for fixed /3, 
we have fp.aa fpoG. So, for all F G we have the following relations 

limlim < F, fp.aa >= lim < F, fp.oG >= lim < GoF, fp >=< GoF, f > 



13 



=< G.F, f >=< G, F.f >= lim < F.f, >= Hm < F, /.a^ > 

a a 




iii) Suppose that {fp)i3 C A* and fpa — 0. Let F G A** and {aa)a ^ A such 
that tta — i^. Then, we have 

Um < F, ff^a >= lim < aF, fjj >= hmUm < aaa > 

Consequently, we have fpa ^ 0. The prove of the next assertion is the same. 

Definition 15. Let A be Banach algebra. We say that A* strong left (right) 

factors, if for all {fa)a Q A*, there are {aa)a ^ A and / € A* such that 
fa = f-da (fa = CLa-f) whcrc {a,a)a ^ ^ has limit in the weak* topology in 
A**. If A* strong left and right factors, then we say that A* strong factors. 
For a Banach algebra A with a BAI, it is clears that if A* is strong left (right) 
factors, then A* factors on the left (right). 

Theorem 16. Let AA* C wapA. If A* strong factors on the left (right), 
then A has LM^*M^-property (i?W^*VF-property). 

Proof. We prove that A has LVF*VF-property and the proof of RW*W- 
property is similar. Suppose that a ^ A and (/«)« C A* such that a. fa — > 0. 
Since A* strong factors, there are {aa)a ^ A and f e A* such that = 
/•fla {fa = o,a-f) where {aa)a ^ ^ has limit in the weak* topology in A** . 
Let F e A** and {ap)^ C A such that bfs ^ F. Then 

lim < F, a. fa >= lim lim < afa, bg >= lim lim < af.Ua, bg > 

a ce P ct (3 

= lim lim < a/, aabg >= lim lim < af, Uabg >= lim lim < af.aa, bg > 

a p (3 ce p a 

= lim lim < afa,bg >= 0. 
pa 

Then a e A has LW*W-piopertj and so A has LVF*W^-property. 

Theorem 17. Suppose that A has a BAI and AA** = A**. If A* is not 
right factor then there is a E A such that a has not i?W^*l^-property. 

Proof. Let (€„)« be a BAI for A. Then for ah / G we have /.e^ ^ /, 
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and so for all a G A, we have {f.ea).a — >• f.a. Suppose on contrary that a & A 
has i?Vl^*Vl^-property then {f.ea).a f.a. 
Now, for F € A** we have 

< a.FJ.ea >=< F,{f.ea).a >=< F.f.e^.a >^< F.f,a >=< a.F,f>, 

hence f.Ca ^ /, since AA** = A**. By [11, 2.11] we conclude that A* A = A* 
which is a contradiction. 

Open problems 

1. Suppose that A has LW*W-propeTty and A is WCC and WSC. Is A 

reflexive? 

2. For a non abelian Banach algebra A, when LlF*ll^-property and RW*W- 
property are equivalent? 

3. If A* factors on the right and A has i?,I'F*lF-property or if A* factors on 
the left and A has LW^*iy-property, is A Arens regular? 

4. If A factors on the left and Arens regular, is A has -LIF*IF-property? 

5. If ^ is Arens irregular ( or extremely Arens irregular), dose A has some 
member with LW*W-pToperty or i?14/'*VF-property? 
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